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Abstract-In this paper the relationship between the boundary conditions of the linear form of Toupin's strain
gradient theory and the boundary conditions of Mindlin's micro-structure theory is established. This relationship
provides a clear physical interpretation for the external forces in the strain-gradient theory.

INTRODUCTION

IT is well known, see e.g. [1-3], that certain indeterminacies exist in theories of elasticity
which incorporate the second or higher gradients of the displacement in addition to the
strain in the expression for the potential energy. These indeterminacies lead, in turn, to
complicated forms for the boundary conditions, forms which are difficult to interpret
physically. It is also well known, see e.g. [3-5], that these indeterminacies can be removed
by constructing related theories which admit additional independent kinematic variables.
In these more general theories the boundary conditions have a simple physical inter
pretation.

In the present paper, it is shown how the boundary conditions of a fully determinate
theory, viz. Mindlin's linear theory of an elastic continuum with micro-structure [3], can
be reduced to those of a corresponding indeterminate theory, viz the linear form ([3],
Section 10) of Toupin's strain gradient theory [1], thus providing a clear physical inter
pretation for the boundary conditions ofToupin's theory.

THE CONTINUUM WITH MICRO-STRUCTURE

In [3], Mindlin derived a linear theory for an elastic continuum with a deformable
micro-structure. A rectangular cartesian system with coordinates Xi' i = 1,2,3, was
employed, and the kinematic quantities

f.ij == -!<OiUj+OjUi), the macro-strain,

Yij == OiUj-t/Jij' the relative deformation, (1)

Xijk == Oit/Jjk' the micro-deformation gradient,

were introduced. In equation (1) Ui is the macro-displacement field, t/Jij is the micro-de
formation field and 0i( == a;oxi) is the gradient operator. For the equilibrium case, the field
equations and boundary conditions are contained in the variational equation

{)j{/ = {)~ (2)

where {)j(/, defined in terms of W(f.ij' Yij, Xijk) (the potential energy per unit volume) by

{)"If/ == Iv {)W(f.ij,Yij,xijk)dY, (3)
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(4)

is the variation of the total potential energy, and 1J"fI/ 1 defined by

1J"fI/1 == fv./j1JUj dV+t <l>jk1Jl/!jk dV+ Is tj1JUj dS+ Is ~k1Jl/!jkdS

is the variation of the work done ~y the external forces on the material contained in the
volume V bounded by the surface S. In equations (2), (3) and (4) the twelve quantities 1Juj
and 1Jl/!jk are varied independently. From the definitions of Ui and l/!ij and the definition of
1J"fI/1 , Mindlin was able to discuss the physical significances of the quantities./j, <l>jk' tj and
~k' i.e../j is the body force per unit volume, <l>jk is the body double force per unit volume, t j
is the surface force per unit area (traction) and ~k is the surface double force per unit area
(or double traction). In obtaining solutions to boundary value problems within the frame
work of the micro-structure theory it is evident that the twelve quantities./j and <l>jk are to
be specified at every point in V and that twelve quantities, e.g. t; and ~k are to be specified
at every point on S.

In the same paper, Mindlin showed how the potential energy of the conti~, liltm with
micro-structure could be reduced to the potential energy of a micro-homogeneous conti
nuum. Then, performing the variation of the total potential energy for independent vari
ations 1JUj' the linear equations of Toupin's strain-gradient theory were recovered. In [3J,
Mindlin took the form of the expression for the variation of the potential energy as motiv
ation for the adoption of a form for the variation of the work done by external forces.
In the present paper, we take as our starting point the expression, equation (4), for the
variation of the work done by the external forces in a continuum with micro-structure.
Then, passing to the case of a micro-homogeneous continuum we obtain a new interpret
ation for the boundary conditions of Toupin's theory.

REDUCTION TO THE STRAIN-GRADIENT THEORY

In [3], Section 10, Mindlin has shown that the theory ofa micro-homogeneous material
can be obtained from the theory of a material with micro-structure by causing the micro
medium to merge with the macro-medium. Mathematically, this is expressed by the
condition

)'ij = 0 (5)

so that, from equation (1),

(6)

In view ofequation (5), (6), the variation of the total potential energy

o f 0 0

1J"fI/ -+ 1J"fI/ == Jv 1J"fI/(f'ij' Xijk) dV,

and the variation of the work done by the external forces

(7)

(9)
o oW
Jiijk ==~,

UXijk

1JiII'; -+ 1J/f'; == t./j1JUj dV+ Iv <l>jkopuk)dV+i tj1Juj dS+ i ~koi1Juk)dS (8)

Following Mindlin, we define the stresses

o oW
r .. =

I) - 08ij'
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and by a process similar to that employed in [3], Section 9, we find that

8~ = - Iv OiTjk-Oi~ijk)8ukdV

(10)

+ Is ninj~ijkD8uk dS

+fc .[mjnj~jjkl8uk ds.

In equation (10), Dj (== (8jk - njnk)ok) is the surface gradient operator, D (== "kOk) is the normal
gradient operator, C is an edge formed by the intersection of two portions, S1 and S2 of
the closed surface S, and the bold face brackets [ ) indicate that the enclosed quantity is the
difference between the values on S1 and S2. Also, ni is the unit outward normal to the
surface, Sj is the unit tangent vector to the curve C and mk == eijksj"j.

For the variation of the work done by the external forces, we note that

<l>jkOj8Uk = OJ(<I>jk8uk) - (OJ<l>jk)8uk'

An application of the divergence theorem then gives

.' Iv <l>jkoj8ukdV= i nj<l>jk8ukdS- Iv (O}l>jk)8ukdV.

(11)

(12)

Also, we can rewrite
1)kOj8uk = 1)k(Dj +np)8uk

= DJ{ '1jk8uk) - (D j '1jk)8uk+nj 1)kD8uk· (13)

(15)

i '1jkoj8ukdS = Is Dj('1jk8uk)dS-i (Dj1)k)8ukdS+i nj'1j~8ukdS. (14)

Applying the surface divergence theorem ([6], p. 222) to the first integral on the right-hand
side ofequation (14) we find

Is Dj(1)k8uk) dS = i (Dinj)nj1)k8ukdS +f [mj'1jkJ8ukds.

Inserting equations (12), (14) and (15) into (8) and combining terms we obtain

Thus,

8~ = Iv [fk - OJ<l>jJ8UkdV

+i [tk+ n}l>jk+ (Dinj)nj1)k - Dj '1jJ8ukdS

+i nj'1jkD8ukdS

+f[mj '1jd8ukds.

(16)
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The variational equation

(17)

(18)
onS,

on C.

on S,njni~ijk = nj 1]k

[mjni~ijd = [m j1]d

then leads through equations (10) and (16) to the following stress-equations of motion
and boundary conditions:

o/rjk - Oi~ijk) +fk - O/J)jk = 0 in V,

n/r jk - 0i~ijk) - Dini~ijd+ (D,n,)njni~ijk = tk+n}Djk +(D,n,)n j 1]k - Dj 1]k

onS,
(19)

onS,

The reader should compare equations (18) with Mindlin's equations (10.6). Equations
(18) differ in that the acceleration terms have been dropped, the terms in (10.6h have been
regrouped, and explicit expressions in terms of the physically meaningful quantities fj,
cI>jk' t j and 1]k have been obtained for Mindlin's F b p~, R~ and E~. The reader should also
compare equations (18) with the appropriate linearized form of Toupin's equations (7.19)
of [1]. In the present boundary conditions we do not make the restrictive assumption
nknj1]k = 0 which would follow from Toupin's analysis. The boundary condition (18)2
can be simplified by noting that the two terms which multiply (D,n,) cancel if(18h is satisfied.
Thus, the stress equation of motion and the appropriate natural boundary conditions for
the linear strain-gradient theory are

Oirjk-Oi~ijd+fk-OjcI>jk = 0 in V,

n/rjk - 0iPijk)- Dlni~ijk) = tk+njcI>jk- Dj1]k

[mjni~ijd = [m j 1]d on C.

The significance of equations (19) is the following: In a given application one would,
presumably, have information about the quantities fj, cI>jb throughout the volume and
about the quantities t j , 1]k on the surface. Equations (19) indicate the way in which this
information is to be employed in setting up a boundary value problem within the frame
work of the linear strain-gradient theory.
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Resume-Dans eet expose les rapports entre les conditions des limites de la forme lineaire de la theorie relative au
gradient de la tension de Toupin et aux conditions des Iimites de la theorie de microstructure de Mindlin sont
etablis. Ces rapports fournissent une interpretation physique claire pour les forees exterieures dans la theorie du
gradient de la tension.



A note on the boundary conditions of Toupin's strain-gradient theory 1057

Zusammenfassung-Diese Arbeit seizt das Verhaltnis zwischen den Grenzbedingungen der Linearform der
Toupin'schen Spannungs-Gradienten Theorie und den Grenzbedingungen der Mindlin'schen Mikro Struktur
Theorie fest. Das Verhaltnis gibt eine klare physikalische ErkJarung der ausseren Krafte in der Spannungs
Gradienten Theorie.

AfiCT))llKT-B pa60Te onpeAeJIlieTCli 3aBHCHMOCTb MelK,lly rpaHH'iHbIMH YCJIOBHlIMH JIHHeitHoit cPOPMbl
TeopHH rpaAHeHTa AecPopMallHH TYHHHa H rpaHH'iHbIMH YCJIOBHlIMH TeopHH MHKpOCTpyKTyp MHHAJIHHa.
3Ta 3aBHCHMOCTb AaeT lICHylO cPH3H'iecKYIO HHTepnpeTallHlO BHeWHHX CHJIX B TeopHH rpaAHeHTa
AecPopMallHH.


